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Feasible solutions

A point x € R" is called feasible, if x satisfies all linear
inequalities. If there are feasible solutions of a linear program,
then the linear program is called feasible.

Optimal solutions

a_
A feas:ble x € R" is an optimal solution of the linear program if

cx > cTy for all feasible y € R".

Bounded linear program

A linear program is bounded if there exists a constant M € R
such that c"x < M holds for all feasible x € R”.
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Quiz

Let A € R™" and b € R™. The linear program

max{c’x: x e R", Ax = b)

is feasible and unbounded if
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Fitting a line

Idea: Model absolute value |y; — ax; — b| as smallest h;

minY ", |vi — ax; — b satisfying
a,beR

VARS: R, .Dhwhaslg

,'—_EX,‘-Q, e
—yi+ax+b, i=1,...,n




Polyhedra

A set P of vectors in R" is a polyhedron if P = {x € R": Ax < b} for some matrix A and

some vector b.
Example:
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Valid and active inequalities

An inequality «” x < B is valid for a polyhedron P if each x* € P satisfies a’x™ < 8.
An inequality a’ x < Bis active at x* e R" if a’ x* = B.

Vertices

A point x* € P is a vertex of P if there exists an inequality a’ x < 8 such that
» a’x < Bis valid for P and
» a’x < Bis active at x" and not active at any other point in P.
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Alternative characterization of vertices: Intuition
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Basic solutions
@ pot Tasssonly favwble_

”?
Consider polyhedron P = {x e R": Ax < b}. A point x* € R" is a basic solution if
rank(A;) = n. Agx £br b~ Smiem oF @ckery inaq. ok x*¥

If x* € P, then x* is -‘.J_asic feasible solution.
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Vertices and basic feasible solutions

i and
Theorem hand o £
LetP={xeR": Ax< b} and x* € P. Then x" is vertex of F@r is basic feasible
solution.
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Vertices and basic feasible solutions

Theorem
Let P = {xe R": Ax < b} and x* € P. Then x" is vertex of P iff x* is basic feasible
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Optimality of vertices

Theorem B
If a linear program max{c’ x: x € ", Ax < b} is feasible and bounded and if
rank(A) = n, then the LP has an optimal solution that is a vertex.
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Consequence: Restrict to vertices
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Quiz

Consider
max Xx;+ X2

Xy +X3

Xl
X2

AN AN A

Which of the following statements are true?
» Each optimal solution is a vertex.
QT here exists an optimal solution that is a vertex.
@T here are infinitely many optimal solutions.




Algorithm for bounded LPs with vertices 1

Solve max{c'x: x € R*, Ax < b}

- BOuwveEl
— Ve =W

3 =0
for eachB e (E"")

n

if Ap is invertible and xz = A, by feasible

S :=8U{xg)
ifS=0
LP not feasible
else

return x € S with largest obj. value ¢’ x
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Existence of optimal solutions

Theorem )
A feasible and bounded linear program max{c’ x: x € R", Ax < b} has an optimal
solution.
prode . mex of. X A (z.
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An inefficient algorithm for linear programming

» Goal: Solve bounded linear program

max{c'x: x € R", Ax < b).
» Transform into equivalent linear program

max{c' (x; — x2): x;1.x: €ER", A(x; —x2) < b, x; =2 0, x; > 0).

» Enumerate all basic solutions.
» |f all basic solutions are infeasible, assert LP infeasible.
» Otherwise, output feasible basic solution with largest objective value.



The projection mapping

The projection mapping is the function n : R" — R with
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Completing a point in the projection

» Suppose we want to know whether (x],....x’ ) isin n(P) where
P={xeR": Ax < b}.

: . i N a.c ?Os
» Re-write each constraint 3", a;x; < b; as L,edd ’

}L = {_5 :ﬂ.j-ﬁ < Dj
n=| J{
AinXpy S — Z ajjX; + bi (?' (8 B2V )

j=1

» If a;, # 0 divide both sides by a;,. Withx = (x,,..., x,—1) we obtain an
equivalent representation of P
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The projection of a polyhedron

If P CR" is represented by then n(P) is represented by
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The projection of a polyhedron (cont.)

Corollary
If P C R" is a polyhedron, then n(P) is a polyhedron.




Solving linear programming with Fourier-Motzkin elimination

» max{c’x: x e R", Ax < b).
» Starting with Q = {(x.y) e R"™': Ax < b, ¢'x = y).

» Compute
n(Q), i(n(Q)). .. ., n'(Q)
and the corresponding inequality representations
(- 3 )
: X :
AIIIH < bl ____ A“”I{"] < b{n}' Where xm = ‘T € RJI+i—i“
\Xp—i/

» If AN < ' s infeasible, then LP is infeasible.

» Otherwise determine largest X" = y* and from there complement to
(n=1)* A* ( X \" - \
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Adjacent vertices

Two distinct vertices x; and x> of P = {x € R": Ax < b} are adjacent, if there exist n — 1
linearly independent inequalities of Ax < b active at both x; and x,.

Theorem
X1 # x2 € P are adjacent iff there exists ¢ € R" such that set of optimal solutions of
max{crx:xEP}iSLﬁ.ﬂi(ly—ﬁ}xgiﬁER,Oéﬂil}.l .
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Simplex algorithm

George Dantzig (1914 - 2005)
Basic idea:
Start with vertex x*

while x" is not optimal

Find vertex x’ adjacent to x* with ¢/x’ > ¢’ x*
update x* := x’

Or assert that LP is unbounded.

The simplex method

» Bases and degeneracy
» Moving to a better neighbor



Bases

AsubsetBCl,..., m} of the row-indices with |B| = n and Az non-singular is called
basis of the LP.

If in addition Aﬁlbﬂ is feasible, then B is called feasible basis.
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Vertices and bases

A
A vertex x* € P is represented by a basis B. X' = Ay e
A vertex x* can be represented by several bases.
Qi
Hoy many bese TCP“"SMt
_\(i z

Q
O
X




Degeneracy

A linear program max{c’x: x € R", Ax < b} is degenerate if there exists an x* € R"
such that there are more than n constraints of Ax < b that are active at x*.

n= 2_
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Optimal bases

A basis B is called optimal if it is feasible and the unique A € R" with

> 3 ¥
ATA=¢ and 4, =0,i¢B Ap Ap = &
T _ pr ﬁ,_,""‘
satisfies 7> 0. ’e s
Theorem A i
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Quiz

Which bases are optimal?




The non-degenerate case AE x <bp Qv ebx®
ax cT.¢ A xz b
~ Agx 2bg nedus.
Theorem
Suppose the LP is non-degenerate and B is a feasible but not optimal basis, then

x" = Ag'bg is not an optimal solution.
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Moving to a better neighbor LP Now - DEA.

= alx € b
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Moving to a better neighbor

v

B not an optimal basis

» x* = A;'by corresponding
basic feasible solution
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Moving to a better neighbor

» B not an optimal basis

» x* = Az bg corresponding
basic feasible solution
A< 0OforsomeieB
ald=0,j€B\{i)
ajd=-1

» cld>0

» there exists £ > 0 such that
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Simplex algorithm

George Dantzig (1914 - 2005)

Basic idea: nax cT.X P= {x <® " AXE 193
Ax <o
xeeh

Start with vertex x*

while x* is not optimal

Find vertex x’ adjacent to x* with ¢’x’ > ¢’x* ={5 /df'
update x* := x’

Or assert that LP is unbounded. V< :}ﬁ



Simplex algorithm in basis notation

' ¥ & {_7)
Start with feasible basis B :;;r A= CT ondl 5‘5 e 3\9{

while B is not optimal g{
Leti € B be index with A; < 0
Compute d € R" with afd =0,jeB\{i}andald = -1
Determine K = {k: | <k < m. ald > 0]
ifK=0
assert LP unbounded

else
Let k € K index where Ti,?(b‘f —a,x")/a, d is attained
v =

update B := B\ {i} U {k}
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Theorem
If the linear program is non-degenerate, then the simplex algorithm terminates.
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Simplex algorithm: Bland’s rule (Bland 1977)

LY DEGEWVSATE

Start with feasible basis B

while B is not optimal

Let i € B be smallest index with 7; < 0
Compute d € R" with a}"d =0,jeB\{i}andald = -1
Determine K = {k: 1 <k <m. a/d > 0}

ifK=0
assert LP unbounded
else

Let k € K be smallest index where min(by. - a,x*)/a; d is attained
e
update B := B\ {i} U {k}



! i TA <& ¢
Bland’s rule avoids cycles N NA=C
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Theorem
If Bland's rule is applied, the simplex algorithm terminates.
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Bland’s rule avoids cycles
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Weak duality

Theorem (Weak duality)

Consider a linear program max{c’x: x € R", Ax < b} and its dual

min{b?y: y e R™, ATy = ¢, y > 0}. If x* € R" and y* € R" are primal and dual feasible
respectively, then ¢/ x* < b7 y*.

Strong duality

Theorem (Strong duality)

Consider a linear program max{cTx: x € R", Ax < b} and its dual

min{b’y: y e R", ATy = ¢, y > 0}. If the primal is feasible and bounded, then there
exist a primal feasible x* and a dual feasible y* with ¢’ x* = b”y".



The dual of the dual is the primal
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Which combinations are possible?
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Proving optimality
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Proving infeasibility

Farkas’ Lemma
A system of inequalities Ax < b is infeasible if and only if there exists A = 0 such that
ATA=0and A'h = —1.
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Discret optimization



Bipartite graphs

A graph G = (V,E) is bipartite, if one can partition V into V = AUB such that each edge
e € E satisfies lenA|=lenB| = 1.

Matchings

A matching is a subset M C E of the edges such that each e, # e; € M satisty
e1Ney =0,

The edges in a matching “do not touch”.

—

The maximum weight (bipartite) matching problem

e

Given a (bipartite) graph G = (V, E) and edge weights w : E — N, determine a
matching M € E such that

w(M) = Z w, IS maximal.
eceM



w-vertex covers

Let G = (V. E) be a graph with edge weights w : E — ;. A w-vertex cover is a vector
& Nﬁff such that

Yuve E: y,+ Y 2 Wy

The value of a w-vertex cover y is X,y Vy.

Lemma (Weak duality)
Let G = (V.E) be agraph and let w : E — N be edge-weights. If M is a matching of G

Woghtol" T

and if y is a w-vertex cover of G, then

w(M) < Z
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An integer programming formulation of max-weight matching

Max Y,cp We *Xe go o A ee rL
| et & O eI
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An IP formulation of min. w-vertex cover
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Towards a second proof of weak duality via LP-duality

Idea

Describe characteristic vectors y™ of matchings by linear constraints and the
integrality constraint.
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The description

For v € V we denote the set of edges The set {y: M matching of G}isthe
incident to v by set of feasible solutions of
6(v) ={ec E: v € el vEV: eesuyXe <1

eckE: x,€{0,1).
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Proving weak duality via LP duality

Theorem
The max. weight of a matching is at most the min. value of a w-vertex cover.

max Z W, * X, max Z We * X min Z Yy 2 min Z Yy

\
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x € ZIF, x € R,
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Proving weak duality via LP duality (cont.)

max Z Wy * Xe min ) v,
ecl veV
veV: Z X < 1 uv €E:  yu+yy = Wiy
ee(v) veV: y.20
ecE: x,20
v e RV,
x ¢ R¥
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The node-edge incidence matrix

Let G = (V, E) be a graph and suppose the nodes and edges are ordered as vy,..., v,

and ey, ...,e,. The matrix A9 € {0, 1} with
“ 10 otherwise

is the node-edge incidence matrix of G.
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Proving weak duality via LP duality (cont.)

max Z We * Xg

el

T

max w- x

A%x <1
x 20

Weak duality via LP duality

Lemma (Weak duality)

min Z Yy

veV

wek: yut+y>wy

veV: »w=20

'.'._i"'r"_

min 17y

(AG)T}: > W
yv=0

Let G = (V,E) be agraph and let w : E — N, be edge-weights. If M is a matching of G

and if y is a w-vertex cover of G, then

w(M) < Z_}*,..

el



Strong duality for bipartite graphs

» Totally unimodular matrices
» Proving strong duality in the bipartite case



Totally unimodular matrices

Rk
A matrix A € {0, =1} is totally unimodular, if the determinant of each square sub-matrix
of A is equal to 0, +1.

\,J\‘\;_r__}h G(‘: e Jv'u.Jl:.'r WL Gy Oel

Fxow ple;
— e T %
! ! -4 1 o 4
= /4 4 © — 4 A A S
- =
s \o +«41 A =2 8 a9 © © 1
( f 7 s 1 A A A ©
A \ O

Node-edge incidence matrices of bipartite graphs

Theorem
Let G = (V. E) be a bipartite graph. The node-edge incidence matrix _f‘_f of G is totally
_unimodular.




Node-edge incidence matrices of bipartite graphs

Theorem
Let G = (V, E) be a bipartite graph. The gode-edge incidence matrix __zf of G is totally
_Enimodular.
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Node-edge incidence matrices of bipartite graphs
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Totally unimodular matrices and integer programs

ay 467X 2 AXEb x30 xe" y = wnexd T A< eb,X20, xe ™Y

Theorem
If A e Z"" is totally unimodular and b € Z", then every vertex of the polyhedron
P={x e R": Ax < b. x > 0} is integral.
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Totally unimodular matrices and integer programs
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Totally unimodular matrices and integer programs (cont.)

Corollary

If A € Z™" is totally unimodular, b € Z™, and if max{c’x: xeR", Ax< b, x>0} is
bounded, then

max{c‘rx: xeR" Ax< b, x 20} = max{ch: xe€Z", Ax< b, x> 0}.
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Strong duality in the bipartite case

Theorem (Egervary 1931)

Let G = (V, E) be a bipartite graph and let w : E — I, be edge-weights. The maximum
weight of a matching is equal to the minimum value of a w-vertex cover.
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Konig's theorem

A vertex cover of a graph G = (V,E) is a subset U C V such that e N U # 0 for each

ecE. s it s e‘_
w= 4
Quiz:  Trowe thed wnex.
Cmdxndda a{ mestchuwg = 2_

Theorem (Kdnig 1931)

Let G = (V, E) be a bipartite graph. The maximum cardinality of a matching of G is
equal to the minimum cardinality of a vertex cover of G.



Paths and Cycles

» Directed graphs

» Shortest (unweighted) paths
» Breadth-First-Search
Directed graphs

A directed graph is a tuple D = (V,A), where V is a finite set of vertices or nodes and
A C (V x V) is the set of arcs or directed edges of G.
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We denote a directed edge by its defining tuple (u.v) € A. The nodes « and v are
called tail and head of (u, v) respectively.



Unweighted distance

The distance d(s, t) between two nodes s, t € V is the smallest k € I, such that there
exists a path s = vy, ..., v = t. (Possibly co).
d(s,1) is the length of the shortest path connecting s and 1.

Quiz
What is the largest possible length of a path a directed graph D = (V,A) with |V| = n?
Bt _ P - ——n-,
» n” -1

Which of the following are upper bounds for the number of directed paths of length
n — 1 in directed graph with n» nodes?
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Distance labels
Ja

For i € Ny, V; C V denotes the set of vertices that have distance i from s. Notice that
Vo = {5}
Proposition

Fori=1,....n-1,the set V;is equal to the set of vertices v € V\(Vy U ---U V;_;) such
that there exists an arc (u, v) € A with u € V,_,.
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Ana|ysis C hegt: Flfj-mrt it of ARCAYS = =

Wl Mo cadializalon O V] #AL ) 5]\-

Theorem
The Breadth-First-Search algorithm runs in time O(|A1)., It is thus a linear time
algorithm.
) Iteration u: At most ¢; - |67 (u)| + ¢> elementary
while Q # 0 | operations.
u = head(Q)

foreach v e 6" (u)

+
if (D[U] — 00) C‘ C\E (m)] * Ca

] & | Veus. |

TIV] =K & ¢ & C.-1AIrCal Ve,

D[v] := D[u] + 1 £, o JFEalRE aves
enqueue(Q, v) u&:«% @ M)

dequeue(Q) uﬂ;;:-m:. =

,dmn}‘ao?, »



Directed trees

A directed tree is a directed graph T = (V. A) with |A| = |V| — 1 and there exists a node
@such that there exists a path from r to all other nodes of 7.
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Paths and Cycles

» Maximum cardinality bipartite matchings
» Augmenting paths
» An O(m - n) algorithm

Exposed and matched nodes

ek

€ Let G = (V, E) be an undirected bipartite graph.
& We are interested in a matching of max. cardinality.

S Let M C E be a matching.
» A vertex that is an endpoint of an edge in M is
'~ matched.
ot~ .
® *f » A non-matched vertex is exposed




Alternating paths

An alternating path with respect to a matching M is a path that alternates between
edges in M and edges in £\ M.
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Augmenting paths

An alternating path that starts and ends at exposed nodes is a augmenting path.
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Augmenting paths

An alternating path that starts and ends at exposed nodes is a augmenting path.



A criterion for maximal cardinality

Theorem

A matching M of a (not necessarily bipartite) graph is of maximum cardinality if and
only if there are no augmenting paths with respect to M.
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A criterion for maximal cardinality

Theorem
A matching M of a (not necessarily bipartite) graph is of maximum cardinality if and
only if there are no augmenting paths with respect to M.
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A criterion for maximal cardinality

Theorem
A matching M of a (not necessarily bipartite) graph is of maximum cardinality if and
only if there are no augmenting paths with respect to M.
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Computing augmenting paths

» Turn G = (A + B. E) into a directed graph
D = (V,A) as follows.

Direct an edge in the matching from A to B.
B » Direct an edge in E \ M from B to A.

» Find a path in this directed graph between two
exposed nodes.

-
¥

Quiz: Such a path starts with an exposed node in EEZ} and ends in an exposed

node in m Type A or B at appropriate place.



Computing augmenting paths (cont.)

Theorem
3 There exists an augmenting path in G for M if and only if there exists
: a path from an exposed node in B to an exposed node in A in the
A B directed graph D.
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Using BFS to find augmenting paths Using BFS to find augmentind Using BFS to find

® 8 @
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Algorithm for max. cardinality bipartite matching

8 &

RAN Assumption: G has no isolated vertices
ot (= 1E] > [VI/2).
M=10
while there exists M-augmenting path 1 heorem
Update M A maximum cardinality matching in a bipartite graph
return M G = (V. E) can be computed in time O(|V] - |E])

o)



Paths and Cycles

» Weighted directed graphs
» Shortest paths
» Bellman-Ford Algorithm



Weighted directed graphs
Let D = (V,A) be a directed graph (without self loops). Let £: A — K be the lengths of
the arcs. The length of a walk W = v, .. .. v is the sum of the lengths of its arcs:

k
UW) = Z Uviy.v).

i=1
The distance between two nodes s and 1 is the length of a shortest path from s to r.
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Shortest path problem

The shortest path problem (single source)

Given a directed graph with edge lengths and a designated node s, compute d(s, v) for
eachv e V.

» |Is NP-complete in general.
» Can be solved in polynomial time, if there are negative cycles.

A cycle is a walk vg, vy, ..., v With vy = vg.
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The Bellman-Ford method

A method to compute minimum length walks. %}/
Given: D = (V,A) (no self-loops), £ : A — R and designated node s € V

Goal: Compute shortest path distances form s to all other nodes

Assumption: Each node is reachable from s



The Bellman-Ford method (cont.)

Fork>0andteV:

di(t) = minimum length of any s — r walk, traversing at most k arcs. (possibly co)

Suppose d;(t) is known for each i < k and eachr € V.

Now: Compute di+(f): foreachr e V.
A

Case 1: T}é shortest walk traversing at most & + 1 arcs traverses exactly k + 1 arcs.

—Y’—
A Ca)

d*f.ﬂ] +—,€(,.«ﬂ'; u)
A

case 2: T,Pﬁa shortest walk traversing at most k + 1 arcs traverses at most k arcs.

Ol (€) = Ao (&)



The Bellman-Ford method (cont.)
d,(s) =0, dy(t)=co,t#s

k=20,teV: d () = min{dk{'r].{n}}élﬂldk(u) + 0w, 1)}.

Procedure to compute the values d;. (1) assuming values dy(r) are pre-computed:

&
foreachre V: Vot ongpr @ oS Far - Ghaan )

R
dis1 (1) = di(1) i

IE (U '.':;)
3 ey

for each (1,1) € A / @M 7 @ @

if: di(u) + 2w, 1) < dis1 (1)

dis1(2) := f_i’f(u) + 0(u, t) CD'H‘C-C{_ I




Negative cycles

Theorem
GivenD=(V,A),se V,0: A — R, one has d, = d,- for n = |V| iff D does not have a
cycle of negative length that is reachable from s
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Negative cycles

Theorem

Given D= (V,A),se V,l:A — R, one has d,, = d,— for n = |V] iff D does not have a

cycle of negative length that is reachable from s.
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Negative cycles

Theorem
Given D = (V,A),se V,0: A — R, one has d, = d,— forn=|V|iff D does not have a
cycle of negative length that is reachable from s.

-+
\J,‘, S = We, Wi~ WLy - *""-J}, § s W :.'{'_.
U‘_ S:Wu,\d;,.,,\ﬂ; . Wéﬂ,.--\dn -
O Wi W W3 ece) <o
o, r
Zﬂtl § 7 £
) W onia
E (w“"): 'Q(qu\\!ru) + ‘Q{UHJU/-M) + w{‘ /Mi J
c0 /{=L I/aE-:;

w *‘W
Jﬁ ; WL) _



Shortest paths

Theorem
Given D =(V,A),se V, : A — R, and suppose that no negative cycle is reachable
from s. Then foreacht € V d,_(1) is the distance between s and 1.
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Computing shortest paths

Compute the values d. (1) and the predecessor M4 (1) assuming values d(r) and
n; (1) have been pre-computed:

foreach e V: - @”'—1 @
diy1 (1) := di(t) @/—\/\

M1 (1) 2= my(t)

for each (u,1) € A
if: di(u) + 0w, t) < dips (1)
dis1(1) := di(u) + Uu, 1)

M1 (1) =

The shortest path tree

oxtus !
Theorem Nowg 5

Let D = (V,A) be a directed graph and suppose that each node is reachable from s.
The directed graph T = (V,A’") with A" = {(11;.(_5:}. u): u€ V\ {s} is a directed tree with
root s. The unique path from s to any vertex ¢ in 7 is a shortest path from s to 7 in D.



Running time of Bellman-Ford

initialize O@ M )

Ve e V\ {s).d,(1) = o0, mo(t) = 0 5 oivt) o (o “'f"”D INERY(D
.

du(.i‘} =1
fork=1ton

foreach e V:
dis1 (1) := di (1) i C‘JG*”)

M1 (1) = m(1)

foreach (u.1) e A
if: di(u) + B, 1) < ey (1) (1A Cﬁ“”)
dir(8) = di) + 2u, 1) O (141)

() i=u

if Jdre Vwithd,(r) <d, (1) e
D has negative cycle l



Paths and Cycles

» Shortest paths and linear programming

Potentials

Let D = (V,A) be a directed graph with arc-lengths £ : A — R. Afunctionp:V — R is
a potential if : = =

Ya=(u,v)€A: Ua) = pyv)—plu).

D, 2 vo ey %0"4’__ => poteiials
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Existence of potentials

Theorem
D = (V,A)with £: A — R has a potential p if and only if each directed cycle is of
non-negative length. .
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Computing distances with linear programming

Theorem

Let D = (V,A) be a directed graph with arc-lengths 2 : A — R, s € V such that each
vertex in V is reachable from s and suppose that each directed cycle is non-negative.
Let p be a potential with p(s) = 0 and }’,.y p(v) maximal. Then

Yie V: p(t) = disty(s, 1).
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